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When quantum channel preserves product states∗
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Product states are always considered as the states that don’t contain quantum correlation. We
discuss here when a quantum channel sends the product states to themselves. The exact forms of
such channels are proposed. It is shown that such a quantum channel is a local quantum channel,
a composition of a local quantum channel and a flip operation, or such that one of the local states
is fixed. Both finite- and infinite-dimensional systems are considered.
PACS numbers: 03.65.Ud, 03.65.Db, 03.65.Yz.
Quantum systems can be correlated in ways inaccessi-
ble to classical objects. This quantum feature of correla-
tions not only is the key to our understanding of quantum
world, but also is essential for the powerful applications of
quantum information and quantum computation. Prod-
uct state is the state without any quantum correlation
[1, 2]. It is the only state that has zero mutual informa-
tion [3] which is interpreted as a measure of total corre-
lations between its two subsystems. It neither contains
quantum discord (QD) [4] nor contains the measurement-
induced nonlocality (MIN) [5, 6]. Recently, it has been
shown that the super discord [7] of ρab is zero if and only
if it is a product state [8].
In particular, it is crucial to study the behavior of
quantum correlation under the influence of noisy channel
[6, 9–21]. For example, local channel that cannot cre-
ate QD is investigated in [9, 18, 19], local channel that
preserves the state with vanished MIN is characterized in
[6] and local channel that preserves the maximally entan-
gled states is explored in [20]. The goal of this paper is to
discuss when a quantum channel preserves the product
states.
We fix some notations first. Let H , K be separable
complex Hilbert spaces, and B(H,K) (B(H) when K =
H) be the Banach space of all (bounded linear) operators
from H into K. Recall that A ∈ B(H) is self-adjoint if
A = A† (A† stands for the adjoint operator of A); and A
is positive, denoted by A ≥ 0, if A is self-adjoint with the
spectrum falling in the interval [0,∞) (or equivalently,
〈ψ|A|ψ〉 ≥ 0 for all |ψ〉 ∈ H). A linear map φ : B(H)→
B(K) is called a positive map if A ≥ 0 implies φ(A) ≥ 0
for any A ∈ B(H). Let Mn(B(H)) be the algebra of all
n by n matrices with entries are operators in B(H). Let
1n ⊗ φ : Mn(B(H)) → Mn(B(K)) be the map defined
by (1n⊗φ)[Xij ] = [φ(Xij)]. We call that φ is completely
positive if 1n ⊗ φ is positive for any n.
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We review the definition of the quantum channel. Let
T (H), T (K) be the trace classes on H , K respectively.
Recall that a quantum channel is described by a trace-
preserving completely positive linear map φ : T (H) →
T (K). Every quantum channel φ between two systems
respectively associated with Hilbert spaces H and K ad-
mits the form [22]
φ(·) =
∑
i
Xi(·)X
†
i , (1)
where {Xi} ⊂ B(H,K) satisfies that
∑
iX
†
iXi = IH ,
IH is the identity operator on H . If dimH = +∞
and dimK = +∞, then there may have infinite Xis in
Eq. (1). We call φ is a completely contractive channel if
φ(S(H)) is a single state [23], i.e. there exists a fixed
state ω0 ∈ S(H) such that
φ(·) = Tr(·)ω0. (2)
Let Hab = Ha⊗Hb with dimHa ≤ +∞ and dimHb ≤
+∞ be the state space of the bipartite system A+B. Let
S(Hab) and SP (Hab) be the set of all quantum states
acting on Hab and the set of all product states in S(Hab)
respectively. That is SP (Hab) = {ρ⊗ δ : ρ ∈ S(Ha), δ ∈
S(Hb)}. Let {|i〉} and |j
′〉 be the orthonormal bases ofHa
and Hb respectively. The operator F =
∑
i,j |i〉|j
′〉〈j′|〈i|
is called the swap operator from Hba = Hb ⊗Ha to Hab
[24], namely, F |ψb〉|ψa〉 = |ψa〉|ψb〉 for any |ψb〉|ψa〉 ∈
Hba (note that F is an isometry since F
†F = Iba). Then
Fδ ⊗ ρF = ρ ⊗ δ ∈ SP (Hab) for any δ ⊗ ρ ∈ SP (Hba).
We denote by f(δ ⊗ ρ) := Fδ ⊗ ρF .
The following is the main result of this paper.
Theorem 1. Let φ : T (Hab) → T (Hab) be a quantum
channel. Then φ(SP (Hab)) ⊆ SP (Hab) if and only if it
has one of the following forms.
(i) φ = φa ⊗ φb, where φa and φb denote the local
quantum channels on part A and B respectively;
(ii) φ = f ◦ (ψa ⊗ ψb), where ψa is a quantum channel
from T (Ha) to T (Hb) and ψb is a quantum channel from
T (Hb) to T (Ha);
(iii) φ(·) = σ ⊗ Λb(·), where σ is a state of part A, Λb
is a quantum channel from T (Hab) to T (Hb);
(iv) φ(·) = Λa(·)⊗ τ , where τ is a state of part B, Λa
is a quantum channel from T (Hab) to T (Ha).
2Theorem 1 implies that a quantum channel sends prod-
uct states to product states if and only if it is a action of
two local operations on part A and part B respectively or
is a action of quantum channel from the total system to a
subsystem with another reduced state fixed. (In Theorem
1, for the notations σ ⊗ Λb(·) and Λa(·) ⊗ τ , with some
abuse of terminology, σ can be viewed as a completely
contractive quantum channel from A+B to a single state
σ of part A and τ can be viewed as a completely con-
tractive quantum channel from A+B to a single state τ
of part B.)
In order to prove Theorem 1, the following lemmas are
necessary.
Lemma 1. Let Λa,b : T (Hab) → T (Ha,b) be a quan-
tum channel. Then φ as (iii) or (iv) above is a quantum
channel on T (Hab).
Proof. We check the case of (iii), the case of (iv) can
be argued similarly. We only need to show 1n ⊗ φ :
Mn(T (Hab)) →Mn(T (Hab)) is positive for any n. For
any positive operator [Sij ] ≥ 0 in Mn(T (Hab)), we have
(1n⊗φ)[Sij ] = [σ⊗Λb(Sij)]. Note that [σ⊗Λb(Sij)] ≥ 0
if and only if σ ⊗ [Λb(Sij)] ≥ 0. Therefore (1n ⊗ φ)[Sij ]
is positive since [Λb(Sij)] ≥ 0. The proof is completed.
Lemma 2. LetKa,b be separable complex Hilbert space
and let φa,b : T (Ha,b) → T (Ka,b) be a trace-preserving
positive map. If φa ⊗ φb is a quantum channel from
T (Hab) to T (Kab), then φa,b is a quantum channel from
Ha,b to Ka,b.
Proof. Let [Sij ] ∈ Mn(T (Ha)), [Sij ] ≥ 0. Then
[Sij ⊗ ρ0] ≥ 0 for any ρ0 ∈ S(Hb). Thus [φa(Sij) ⊗
φb(ρ0)] ≥ 0. For any |x0〉, |y0〉 ∈ Ka, one has
(1n ⊗ |x0〉〈y0| ⊗ 1Kb)[φa(Sij)⊗ φb(ρ0)]
·(1n ⊗ |y0〉〈x0| ⊗ 1Kb)
= [φa(Sij)⊗ 〈y0|φb(ρ0)|y0〉|x0〉〈x0|]
= 〈y0|φb(ρ0)|y0〉[φa(Sij)⊗ |x0〉〈x0|] ≥ 0,
where 1Kb denotes the identity map on B(Kb). Hence
[φa(Sij)] ≥ 0, that is φa is completely positive, thus it
is a quantum channel. Using similar argument, we can
obtain φb is also a quantum channel. 
We are now ready for the proof of Theorem 1.
Proof of Theorem 1. By Lemma 1, the ‘if’ part is
obvious. We check the ‘only if’ part below. φ(SP (Hab))
has at most three different cases: (1) There exists a state
σ ∈ S(Ha) such that φ(SP (Hab)) ⊆ σ⊗S(Hb); (2) There
exists a state τ ∈ S(Hb) such that φ(SP (Hab)) ⊆ S(Ha)⊗
τ ; (3) There exist ρ1⊗δ1 and ρ2⊗δ2 such that φ(ρi⊗δi) =
σi⊗ τi, i = 1, 2, with σ1 and σ2 are linearly independent
and τ1 and τ2 are linearly independent.
Case 1. Since for any γ ⊗ ω ∈ SP (Hab), φ(γ ⊗ ω) =
σ⊗ piγ⊗ω we let Λb(γ⊗ω) = piγ⊗ω. Then Λb = Tra ◦φ is
is a quantum channel from T (Hab) to T (Hb), where Tra
denotes the partial reduction map up to part A, i.e., φ
has the form in item (iii).
Case 2. Similar to Case 1, we can get φ = Λa ⊗ τ
is a quantum channel on T (Hab) with Λa is a quantum
channel from T (Hab) to T (Ha), which is the form in item
(iv).
Case 3. Let φ(ρ1 ⊗ δ2) = σ3 ⊗ τ3. Then either (3.1)
σ1 and σ3 are linearly dependent or (3.2) τ1 and τ3 are
linearly dependent.
Case 3.1. If σ1 and σ3 are linearly dependent, then
σ1 = σ3 and τ3 = τ2. Let
Lρ = {ρ⊗ δ : δ ∈ S(Hb)},
Rδ = {ρ⊗ δ : ρ ∈ S(Ha)}.
Next we show that for any ρ ∈ S(Ha), φ(Lρ) ⊆ Lσ for
some σ (depending on ρ), and that for any δ ∈ S(Hb),
φ(Rδ) ⊆ Rτ for some τ (depending on δ).
Let φ(ρ2 ⊗ δ1) = σ4 ⊗ τ4, then either σ2 and σ4 are
linearly dependent or τ2 and τ4 are linearly dependent. If
σ4 6= σ2, then τ4 = τ2 and thus
1
4
φ((ρ1+ρ2)⊗(δ1+δ2)) =
1
4
(σ1⊗(τ1+τ2)+σ2⊗τ2+σ4⊗τ2) is not a product state,
which implies that σ4 = σ2. Thus
1
4
φ((ρ1 + ρ2)⊗ (δ1 + δ2))
=
1
4
(σ1 ⊗ (τ1 + τ2) + σ2 ⊗ (σ4 + σ2))
is a product state leads to τ4 = τ1. That is, φ(ρ2⊗ δ1) =
σ2⊗ τ1. Assume that φ(ρ1 ⊗ δ) = η⊗ ξ, δ ∈ S(Ha), then
(a) either σ1 and η are linearly dependent or τ1 and ξ are
linearly dependent, and (b) either σ1 and η are linearly
dependent or τ2 and ξ are linearly dependent. It turns
out that η = σ1. That is
φ(Lρ1 ) ⊆ Lσ1 .
Similarly, we have
φ(Lρ2 ) ⊆ Lσ2 , φ(Rδ1 ) ⊆ Rτ1 , φ(Rδ2 ) ⊆ Rτ2 .
For arbitrarily given ρ ∈ S(Ha), let
φ(ρ⊗ δ1) = ξ ⊗ τ1, φ(ρ⊗ δ2) = ς ⊗ τ2.
Then ξ = ς . For any δ ∈ S(Hb), let
φ(ρ⊗ δ) = σ ⊗ τ.
Then either ξ and σ are linearly dependent or τ and τ1
are linearly dependent, and either ξ and σ are linearly
dependent or τ and τ2 are linearly dependent. We thus
can conclude that ξ = σ. That is, for any ρ ∈ S(Ha),
φ(Lρ) ⊆ Lσ for some σ ∈ S(Ha). (3)
Similarly, for any δ ∈ S(Hb),
φ(Rδ) ⊆ Rτ for some τ ∈ S(Hb). (4)
From Eqs. (3) and (4), we can let
φa : ρ 7→ σ (5)
3and
φb : δ 7→ τ. (6)
It is clear that φ = ρa ⊗ φb. By lemma 2, φa and φb are
quantum channels on T (Ha) and T (Hb) respectively.
Case 3.2. If τ1 and τ3 are linearly dependent, using
the similar argument as Case 3.1, we can conclude that
for any ρ ∈ S(Ha),
φ(Lρ) ⊆ Rτ for some τ ∈ S(Hb). (7)
Similarly, for any δ ∈ S(Hb),
φ(Rδ) ⊆ Lσ for some σ ∈ S(Ha). (8)
We thus can let
ψb : ρ 7→ τ (9)
and
ψa : δ 7→ σ. (10)
Therefore φ has the desired form as item (ii). We now
complete the proof. 
Furthermore, if the output states of a channel φ on
T (Hab) are always product states, i.e., φ(S(Hab)) ⊆
SP (Hab), one can easily conclude that φ has the form
as item (iii) or (iv) in Theorem 1.
Proposition 1. Let φ : T (Hab) → T (Hab) be a quan-
tum channel. Then φ(S(Hab)) ⊆ SP (Hab) if and only if
it admits the form as item (iii) or (iv) in Theorem 1.
In summary, the quantum channel that preserves prod-
uct states is characterized mathematically. It is in nature
a combination of two local quantum channels or a quan-
tum channel such that one of the local states is fixed.
Moreover, if the latter occurs, then it sends any state to
a product state and vice versa. Especially, if φa (φb) or
ψa (ψb) in Theorem 1 is completely contractive, then φ
sends any state to product state as well.
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